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1. Introduction

The N = 4 supersymmetric Yang-Mills theory (SYM) attracts much attention these days
providing the playground to test nonperturbative features of quantum field theory. This
is related to the property of conformal invariance of SUSY theories which is unique for
four dimensional quantum field theories [l]. A= 4 SYM was the first example of this sort
stimulating further progress [l. Another remarkable feature of the N’ = 4 SYM theory is
that via the AdS/CFT correspondence [ it is related to a supergravity theory and one
can get deeper understanding of duality between these two theories. Combined information
may lead to new insight in gauge theories beyond the usual PT.

Note that the above mentioned AdS/CFT correspondence requires from the field theory
to be conformally invariant and not necessarily obtaining the full AV = 4 supersymmetry.
From this point of view it would be interesting to consider the other conformally invariant
theories and to find the corresponding supergravity backgrounds. Of special interest is
a marginally deformed N = 4 theory analyzed in for which the supergravity dual
description has been found in [[f]. This the so-called 3 deformation of the original N = 4
SYM theory has been studied in the context of AdS/CFT correspondence in [§—[i] and [§.
The authors of [fl, [(] studied the A" =4 SYM theory with the aim to get the conditions
for its finiteness and conformal invariance. They performed a thorough analysis of the UV
divergences in the framework of dimensional regularization (reduction) and found out that
one can reach the desired goal if the deformation parameter 3 is real. They also claim that
the requirements of finiteness and conformal invariance are not simultaneously satisfied
and if one requires only conformal invariance to be valid then the complex values of § are
also allowed [[[(]. This problem has been also considered in [L1]] where it was shown that
conformal invariance understood as vanishing of the beta function holds in all orders of
PT for any complex value of the deformation parameter provided one properly adjusts the
couplings.



The aim of this paper is to show that the above mentioned mismatch between con-
formal invariance and finiteness is a result of mistreatment of dimensional regularization
(reduction). If applied properly, one can reach both conformal invariance and finiteness
simultaneously, thus allowing for the complex  deformations. Moreover, one can construct
the whole family of conformally invariant and finite N' = 1 SYM theories, however, their
dual description is not known so far.

2. The general formalism

The problem of finiteness in SYM theories has been studied long time ago [[J and the
formalism has been developed [[[J] that allows one to treat the theory within the dimensional
regularization (reduction). For completeness we briefly summarize it below.

Let us consider an NV = 1 SYM theory formulated in terms of N/ = 1 superfields
with an arbitrary cubic superpotential containing some set of Yukawa couplings {y}. We
assume that a theory is gauge invariant and for simplicity consider the background gauge.
Then from the non-renormalization theorems [[4] one gets that in the chiral sector only
the propagators are divergent and have to be renormalized while the vertices are finite. As
for the gauge sector, in background gauge the renormalization of the vertex coincides with
that of the gauge propagator, so one can also consider the gauge propagator only [LF].

At the one loop order to get the gauge propagator finite one has to make the proper
choice of the matter superfields. The following requirement is to be satisfied [Lf]:

Y T(R) =3C(G), (2.1)
R

where T'(R) is the Dynkin index of a given representation R and Cs(G) is the quadratic
Casimir operator of the group.

Provided the requirement (.1]) is satisfied the only divergence one should take care of
is the one of the chiral field propagator. This is a consequence of the following theorem [[L7:

Theorem: If N' = 1 supersymmetric gauge theory is finite in L loops, the gauge
propagator is finite L + 1 loops.

The same statement follows also from the explicit expression for the gauge beta func-
tion written in terms of the anomalous dimensions of the chiral fields in some particular
scheme [[L§
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Thus, if the anomalous dimensions of the chiral fields vanish, so does the gauge and
Yukawa beta functions and the theory is conformally invariant. In some other gauges (for
instance in components) one can have non-vanishing anomalous dimensions of some fields
or vertices, but the beta functions still vanish. This situation is also attributed to conformal
invariance since only the gauge invariant quantities make sense. In what follows we will
assume the simplest possibility when all anomalous dimensions vanish and will call this
situation conformal invariance.



Now the question is: how to reach this goal, i.e. how to get conformal invariance? And
the related one: is the theory finite (that is all divergences cancel) in this case? We show
below how it may be done in the framework of dimensional regularization (reduction) and
give a positive answer to the second question. First, we analyse both problems (conformal
invariance and finiteness) separately and then show that this is the same.

To study conformal invariance or vanishing of the anomalous dimensions one has first
to apply some regularization and some renormalization scheme. In general the anomalous
dimensions are scheme dependent but if they vanish, they vanish in any scheme. We adopt
dimensional regularization or more precisely dimensional reduction [[9 since dimensional
regularization does not support supersymmetry. We ignore the problem of inconsistency of
dimensional reduction in higher orders (] assuming that it is adjusted by finite corrections.
We adopt also the MS renormalization scheme. Then the chiral field renormalization
constant has the form

. CY(w}9) Zsz {y}.9), (2.3)

gt o123 At

n=1

where the coefficient functions C}, ({y},g) are the homogeneous polynomials in y; and g of
the order of k.! The anomalous dimensions ; depend on renormalized couplings {y} and
g and are given by the single pole terms

%({y},9) Zka {y}.9). (2.4)

In the lowest orders one has

v({y},9) = Bijy; + Biog + > _ Biyive + Y Bhiyjg + Biog® + - (2.5)
J.k J

where sz are some numbers.
The vanishing of anomalous dimensions can be achieved by choosing the Yukawa cou-
plings in the form of perturbation series over g [[J]

0 0 0
Yi = O‘(()z‘)g + agi)QQ + O‘éi)gg +y (2.6)

(0)

where the coefficients «,; are calculated order by order in PT solving the system of linear
algebraic equations. To guarantee the existence of solution the one-loop matrix B{j has
to be non-degenerate. This has to be explicitly checked in one loop. Then the procedure
works in all orders.

This is not enough, however, to cancel all the pole terms in Z factors (2.). At the
same time finiteness of Z would mean the finiteness of a theory. Indeed, to cancel the

pole terms one has to write down eq. (B.§) for £ # 0 which means that one has a double

!Hereafter for the shorthand notation we use g = ¢?/1672,y; = y? /167>,



series [[[J]

(1)

yi:g(a(()g)—i—a €+a(2)€2+ —i—a(" 2) gn— 2—|—a(" Dgn- 1—1—04(")6"4—---)

+9* (a&?) + agz)e + 04(2)62 +- 4+ 045?72)61172 + 04%171)6"*1 + - )

+g° (of) + e +afle? o 4 afi Ve 4 )

+gn_1( O 4o 4. )+gn (a£°31i+"')- (2.7)

In a given order of PT equal n one needs all terms of the double expansion with a total
power of g-¢ equal n. The existing freedom of choice of the coefficients algT) is enough to get
stmultaneously the vanishing of the anomalous dimensions (read conformal invariance) and
the pole terms in Z factors (read finiteness). The coefficients from 04(0) to aé ") calculated
in n-th order of PT are related. One can not put either of them to zero in an arbitrary way.

Notice, however, that if the renormalization constants Z; are finite, there is no need
to any renormalization at all. One can proceed with the unrenormalized expressions. To
show this we again consider the chiral propagators. Consider the bare chiral propagator
prior to any renormalization given by perturbative expansion (D-algebra had already been

performed)

Dis({ys},98,p% ) = +-- (2.8)

i( 1 ( yBagB)_{_dfmfl(megB)

2 )ns en en— 1

d , i
+M+do(y3793)+”'>-

The finiteness now means that all d, (yg,gp), n > 0 vanish. It is possible to achieve
this goal without any preliminary renormalization in terms of the bare couplings. The
bare couplings, contrary to the renormalized ones, do not depend on the renormalization
scheme but on regularization. In case of a finite theory they are finite and related to the
renormalized ones by finite renormalization which is scheme dependent.

The coefficient functions d’,(yg, g5) are also the homogeneous polynomials over yg and
gp and to achieve the vanishing of them one can choose the bare Yukawa couplings in the
form of one fold e expansion with positive powers of ¢ [[[J]

2)

YiB = gB(aéz) + a(l)a + a( 24 ). (2.9)

(n)

The coefficients o, like a( )

above are calculated order by order of PT again solving the
system of linear algebraic equatlons. In one loop this system of equations coincides with

(0)

the one for determining the coefficients «,,/ with modified r.h.s. and is solvable if the one
loop matrix B{'j is not-degenerate. This requirement again guarantees the solution in all
orders. Notice that the vanishing of the simple pole automatically leads to the vanishing

of the higher order poles. This is the consequence of local renormalizability of quantum

field theory.



One can see that the problem of finiteness is easier to address in terms of the bare
quantities. Eq. (R.9) contrary to (R.7) is linear with respect to gp and is easier to implement.
But both the ways lead to the same statement: if the theory is finite it is conformally

invariant and vice versa.

3. Example

To demonstrate how the above mentioned statements are explicitly realized in the frame-
work of dimensional regularization (reduction) we consider a toy example which imitates
the situation in beta deformed N’ =4 SYM theory.

Let us assume that we have a supersymmetric gauge theory with only one Yukawa cou-
pling y corresponding to a triple interaction. Consider the propagator of a chiral superfield
calculated up to three loops (D algebra had already been performed)
dyo | do > 1

d11 1
Dg(p? hg) =1 — +dig+di_1e | —— — +da | 5=
B(p*, 98, hB) +< 5 +dip + a1 15> ) + <€2 + B + dao (?)%

dzz  d3zp  d3n 1
L 1
+ <€3 L g T R (3.1)

where the coefficient functions d;; = d;;(g9B,yn) depend on the bare couplings and are the
homogeneous polynomials of the order i.
The renormalization constant which makes the propagator finite in the M S scheme is

C C C C C C
Z51:1+£+<i;+ﬂ>+<%")+i§+ﬂ>+..., (3.2)
g g g g g g

where the coefficients ¢;; = ¢;;(g,y) depend on the renormalized couplings and are also
the homogeneous polynomials of the order i. This expression allows one to define the
anomalous dimension y

Y(g,y) = c11 + 2co1 + 3cz + - - (3.3)

and the Yukawa beta function
By(9,y) = 3yv(9,v)- (3.4)

The bare coupling yp and the renormalized one are related by
yB =yZ5°, (3.5)

where Z; ! is given by (B.3). Similarly for the gauge coupling one has

9B = 92y, (3.6)
where we define
Zg=1+%+<%+%)+---, (3.7)
and the gauge beta function is
By(g,y) = a11 + 2a2 + -+ (3.8)



For our purposes we will need it up to two loops.
Not all of these coefficients are independent. By pole equations [R1] the coefficients of
the higher order poles in Z factors can be expressed in terms of the single pole ones as

L a4 5o, 00 (3.9)
age = — |ajia a11g——— c11Yy—— .
22 2 | 11011 119 dg 11Y dy s
1 d d
Coo = B _011011 + ang;—; + 3011215—;} )
1 d d
€33 = 3 _011022 + ang;—j + 3011y§—;ﬂ )
1 [ dCQl dCH d621 dCH
c32 = 7 |cr1c21 + 2¢01011 + a119—— + 2a219—— + 3c11y—— + beaqry——1| -
31 dg dg dy dy
Moreover, from the requirement that
Zy'Dp(p?, gB,yp) = finite when £ — 0, (3.10)

where for gg and yp one has to substitute expansions (B.5), (B.6), one finds the relations
between the coefficients d;; and c¢;;. They are

din = —ci1, (3.11)
doo = c22,
ddyo ddyg
dy1 = —cg1 — c11dip — ang—— — 3eny——,
dg dy
dz3 = —c33,
dd dd dd
d3a = —c32 — c11d21 — di1c21 — dipca2 — Cbllgd—21 - 3011yd—2l — cr1a119—2,
g Yy dg
6 ddyg ddyo 3 ddyg ddyy 3 ddyy
—6¢11C11Y—— — a990—— — 3C99Y—— — A91—— — 3Co1Y——
11C11Y dy 229 dg 22Y dy 219 dg 21Y dy >
dd dd dd_
d31 = —c31 — c11dao — dipc21 — di1—1C22 — angd—20 - 3011yﬂ —c11a119 =
g dy dg
6 ddy 4 ddyg 3 ddyg ddy 4 3 ddy 1
—6¢c11C — 91— — 3co1y—— — a — 3¢
11C11Y dy 219 dg 21Y dy 229 dg 22Y dy )

Having all these expressions one can demonstrate how the cancellation of divergences
and nullification of the beta function work. To imitate the situation in beta deformed N' = 4
SYM theory we take the following expressions for the independent coefficient functions d;;
and a;;

dii = di(9 —y), (3.12)
dio = do(g +y),
di1=d 1(9+y),
o1 = da(9* + gy +y°),
dyo = d_o(g* + gy + v),
dgy = dsg® for y =g,
ann =0,

az = az9(g — y)-



The explicit form of dig,d1_1,do1 and dgg is not essential. What is important they do not
vanish at y = g. For d3; we only need its value at y = g. Eq. (B.19) means that for the
chiral propagator the UV divergence disappears for y = g in the one loop order, but it
does not disappear in two and three loops (in the real beta deformed N/ =4 SYM theory
in the planar limit it disappears in 1, 2 and 3 loops [L]] but does not disappear in 4 and 5
loops [d])). At the same time the gauge beta function identically vanishes in one loop and
vanishes in two loops for y = ¢ (in the real beta deformed N =4 SYM theory it vanishes
up to 4 loops for y = g).

Given eq. (B.19) one can find the remained coefficient functions. They are

S (3.13)

ci1 = di(y —9),

co1 = —da(g* + gy +y°) — dodi(y + 9)(y — 9) — 3dodry(y — 9),

co2 = dog = %d%(y —9)(4y — 9),

c31 = —dsg® + 15dodag® for y =g,

csa = —2dadry(y® +yg + 9°) — dadi (y — 9)(3y® + 2yg + ¢°) + 2/3azdrg* (y — g)
—dido(y — 9)(20y° — 4yg — g°),

dzo = —dadiy(g® + gy + %) — dadi (y — 9)(55° + 39y + ¢°) + 1/3a2d1g*(y — 9)
—d3do(y — g)(10y% — 29y — 1/24%),

1
33 = —d3z = gd?(y — 9)(28y” — 20yg + ¢%).
Now one can calculate the anomalous dimension «y according to eq. (B.3)
v =di(y —g) = 2d2(9° +yg +y*) — 2dod1(y — 9)(4y + g) — 3dsg® + 45dodzg” + - - (3.14)

Vanishing of v can be achieved if one chooses the renormalized Yukawa coupling ¥ in the
form of perturbative expansion over g (see eq. R.6)))

Yemo =g+ V¢ +alg? 4 ... (3.15)

The requirement of vanishing of v gives
o\ = 6dy/dy, o) =3(ds/dy + 12d2/d% + 5dody /dy ).

So, one has

0=g+6=2 3( 22 11222 4 52072 3.16
Yle=o = g + 7.9 + <d1+ d%+ 4 )Y + (3.16)

If eq. (B.1€) is fulfilled then the anomalous dimension (and the beta function) van-
ishes up to three loops and one has conformal invariance. Since we claim that conformal
invariance in this context is synonym to finiteness, let us check the cancellation of UV
divergences. As was explained above we will need eq. (B.15) for £ # 0

y=g(l+aletal’? 4 )+ 2 ” + Vet )+ P + 0. (3.17)



Notice that in the third order of PT the one should take into account all terms of the
double expansion with the total power of g - € equal 3.
Substituting eq. (B.17) into (B.9) one gets the remained coefficients

2
D — 94, /2. aP = 2 (ds  dy 202y 15@
“0 2/di; sé\a P2 T 38 T )
W _2(ds gy dy 20y gdods 3.18
“ d <d1 TR T3E T ) (3.18)

With this choice of coefficients all the pole terms in Z; ! cancel. Notice that if ago) is

(0) (1)
1

responsible for the cancellation of the two-loop anomalous dimension, both ;" and o

are needed to cancel the 1/¢ term in two loops. They also cancel the 1/¢? term in three
loops. Indeed, taking into account (B.17) it takes the form

1 dc dc 3 d 3 d
— ¢ C32ly=g + yﬁ]y:gaél) + yﬁ y:gago) = | —6dyody + 5d§‘(—2)—2 + —d%G—2

3
: —0.
22 dy dy 22" |7

Similarly, ol
&)

©) @)

ay”, o’ and " terms are used to cancel the 1/e term in three loops.

is needed to cancel the three loop anomalous dimension and all three

Consider now the chiral propagator (B.I]) and substitute our values of the coefficients
d;j. One has for the singular part

di(gp —yB) 1
€ (p?)°
n 3 (ys — 98)(4ys — gB) . da(9% + 9BYB + Y%) 1
282 c (p2)2€

(—di‘(yB —98)(28y% — 20yBg + 9B) | —d2diyB(yh + yBYB + 9B)

+ 3 + 2
6e €
—dad1(ys — 98)(5y% + 3yBgs + 93) + 1/3a2d19% (yB — 9B)
2
&
—dido(ys — gB)(10yE — 2yBgn — 1/293) N d3g%> 1
(p

Dp(®?, g, hB) = 1+ (3.19)

g2 €

To get the cancellation of divergences in each order of perturbation theory one again has
to choose the Yukawa coupling in a proper way in the form of ¢ expansion

Y = 9B (1 + aél)a + 0482)82 + - > . (3.20)

Substituting this expansion into (B.19) and requiring the cancellation of divergencies one
gets for 04(()1) and 04(()2) the same values as above (B.1§). Contrary to the nullification of
the anomalous dimension where the cancellation takes place between the lower and higher
orders of PT, here the cancellation takes place within the same order between the higher
and lower order pole terms. However, these two procedures are related since the higher
order poles are given via RG pole equations by the lowest order expressions (see eq. (B.9)).
Notice that the condition yg = gp cancels the leading poles in all orders, the condition

yp = gp(l + oz(()l)e) cancels subleading poles in all orders, and the condition yp = gp(1 +



(2) 2 (1)

oz((]l)e + a’e”) cancels the subsubleading poles. In our case by the choice of oy * we cancel
(

1/e term in two loops and simultaneously 1/e2 term in three loops. The a02) term cancels
the 1/e term in three loops. So, one has

d2 2 dg 6d% 2a2d2 15d0d2 2
= 1-2"e+ |24+ =2 — ). 3.21
YB gB< d%€+3d%<d1+ p2 37 + 4 )c + (3.21)

If this conditions are satisfied then all divergences cancel and the theory is finite up to
three loops. Further loops require new terms in eq. (B.21).

4. Beta deformed N = 4 SYM theory in 4 loops

Consider now the beta deformed N' =4 SYM theory. It is given by the action
_ . 1
S = / d2Tr (79 2;e7 &%) + 52 / d°2Tr(WW,)
1
+z’h/dﬁzTr <qq>1<1>2<1>3 - —q>1<1>3q>2>
q
_ 1. _ _ o A
+ih/d62Tr <—<1>1<1>2<1>3 — q<I>1<1>3<I>2> . g=é"b, (4.1)
q

where the superfield strength tensor W, = D?(e™9" D,e9") and ®; with i = 1,2,3 are the
three chiral superfields of the original N'= 4 SYM theory in adjoint representation of the
gauge group; h and ( are complex numbers and g is the real gauge coupling constant. In
the undeformed N' =4 SYM theory one has h = g and ¢ = 1.

In the present case it is useful to define the couplings

hi = hq, he=h/q, h% = hih, h% = hohs. (4.2)

The goal is to study the conditions that in the planar limit (large N of SU(N)) the
couplings h? and h% have to satisfy in order to get conformal invariance of the theory for
complex values of h and (3. Explicit calculation gives the following values for the coefficient
functions of the renormalization constant Z, 1in notation of the previous section [ (For
simplicity everywhere only the difference between the beta deformed and undeformed N =
4 SYM theory is considered [[L1])

ek = Fpr(h3,03,6%) — (2¢>)", n=1...3, k=1...3, (4.3)
where the functions F)j satisfy
Fun(hi + h3 = 29%) = (2°)".
Eq. (£.3) can be also rewritten as
ek = (W 4 h3 — 292 Poi(h3,03,29%), n=1...3,k=1...3, (4.4)

where P, is a homogeneous polynomial of the order n — 1.



)

Figure 1: The only relevant divergent planar supergraph and its scalar counterpart at four loops

For n = 4 one has

csi = (W2 +h3 —2¢°)Py(h3,h3,2¢%), i#1 (4.5)
cy1 = (B2 4+ h3 — 2¢g°) Py (h2, h3,2¢%) + Ga1 (B3, h3,24°). (4.6)

where Gy (h?,h3,2¢%) is a homogeneous polynomial of the fourth order that does not
vanish at hf + h3 = 2¢%. The latter contribution comes from the four loop chiral graph
(see figure [l). This graph has no divergent subgraphs and, therefore, has only primitive
divergence.

Explicit form of ¢11 and ¢47 is

e = ( - %) (B + 13 — 26%) = dy (2 + 3 — 2°) (4.7)
4
cin = 5006 Grge (0 + )" = (26%) "+ (1 — 1))
= do[(h + ) — (267)* + (4] — 1) (1)

Hereafter the chiral-gauge ®V @ contributions proportional to h? + h3 — 2 are omitted.

According to the recipe of the previous section one can now construct a conformal
and finite theory choosing the renormalized couplings in the form of a double series of the
fourth order

h? = g*a+ oY) + gl 4+ gfalle + g2V
h2 — g2(b+ﬁé3)€3) +g4ﬁ§2)62 +96B§1)5+98B§0)- (4.9)

Now, from the requirement of vanishing of anomalous dimension v = c¢11 + 2¢o1 + 3¢31 +
4cq41 = 0, one finds

1loop: a+b=2, (4.10)
0 0 —A4Gu  —4(a—1b)'d,
4 loops : ag ) + B?E ) = 05 = a ,

where hereafter @41 means that one has to take G4 at h% + h% =242

To get ag‘?') and 663) one has to consider the bare propagator. Since the only nontrivial
graph giving contribution to G4; has no divergent subgraphs the essential singular part of
the bare propagator is

Dy = —Gyy.

,10,



Therefore, the condition for its cancellation is

ﬁ4492(0é(()3) + 583)) — Gy =0.

This gives
@), o) _ Gau
Pyyg?

The value of ﬁ44 can be calculated from the pole equations: ﬁ44 = 9d‘1196, so that

(a — b)4d2

(3, g0) _
ST = g

(4.12)

To reach total finiteness one can use the remaining parameters. From the requirement
that Z;l =1 in four loops one gets

Gar+d1g® (a0 + 8+ Prog® (ol + 85+ Pisg (a2 + 82+ Prug? (o) +6)) = 0. (4.13)

This is one equation for two pairs of parameters. However, the same parameters are
responsible for the cancellation of the second order pole in five loops. The fifth order
coefficients are

csi = (W3 + h3 — 29°) P5i(h3, h3, 20%), i=3,45  (414)
csi = (hi + h3 — 29%) Psi(hi, h3,29%) + Gsi(hi, h3,2¢%), i=1,2

Having in mind expansion (f.g) the second order pole takes the form

Gias + Prag®(0f” + 857 + Pagg®(al” + 85)) + Puag(of? + A7) + Prsg (o + 80) = 0.

(4.15)
The coefficient functions ]322, ]333, ]344, 1355 and @52 can be found from the pole equations
that gives

Py = 3d3g%, P33 = 6dig?, Py =9dig5, Pss = gd?987 Gs2 = gd1G4192-

Substituting these values into ({.13), (.1§) and taking into account eqs. ({.10), (.12) one
gets

(2) @ 2 (a — b)4d2
R
(a — b)4d2

ol + Y =2 (4.16)

d

Provided eqgs. ({.10), (E.13), ({.16) and (f.9) are satisfied one has totally consistent

finite and conformally invariant theory (up to four loops) parameterized by two parameters

a and b related by one condition a+b = 2. Apparently the mechanism will work in any loop
order irrespectively of the explicit form of divergent terms. Looking back to the analysis

of divergent structures in ref. [J one finds that new chiral graphs always give contribution

— 11 —



proportional to (h? — h2)%, so that the compensating terms of expansion will be always
proportional to (a — b)* as above.

In ref. [, [LJ] it was claimed that the only reliable solution is a = b = 1. Otherwise one
can not reach both the finiteness and conformal invariance simultaneously. We see that
this statement is a result of mistreatment of dimensional regularization (reduction) in the
process of cancellation of divergences: the authors of [[, [l0] considered only the one fold
expansion instead of two fold one (f£.9). For the correct implementation of the procedure
a is arbitrary and b = 2 — a. In fact, as one can see above, the requirement of cancellation
of divergences always defines only the sum of a’s and (’s, thus allowing the whole family
of solutions

hi + h3 = hh(qq + 1/dq) (4.17)
5 5 2N 2N\ 2 #N\?
2 4 3 4 2 4 4
g { +18C5 £ +3C5 <4772 )6 +5¢5 <47T2 £+10¢s w2 ) T ;

where we denoted a — b = 4. For the bare couplings one has

5

tla -+ 13ln = o {2+ g

Cs0ted + - } . (4.18)

This permits, in particular, the value of |¢| # 1, thus allowing one to obtain a complex
deformation of the N/ =4 SYM theory with arbitrary complex £3.

5. Conclusion

We conclude that properly treated 3 deformed AN/ = 4 SYM theory can be made simulta-
neously conformal invariant and finite since these two requirements are identical. This can
be achieved by adjusting the Yukawa couplings order by order in PT. In the framework of
dimensional regularization (reduction) this requires the double series over the gauge cou-
pling g and the parameter of dimensional regularization €. For the bare coupling, on the
contrary, only the one fold series over € is enough. The whole procedure depends on reg-
ularization (for bare quantities) and renormalization scheme (for the renormalized ones).
In the other regularization techniques it looks differently but the main conclusion remains
the same.

The analysed 3 deformed SYM theory represents the whole class of conformal N’ =1
SYM theories in four dimensions. They can be constructed by the same mechanism of
adjustment of the corresponding Yukawa couplings. This adjustment has to be done order
by order in PT. At the moment there is no any theory (except for N'=4 and N’ =2 SYM
ones) for which the all loop solution is known. These theories may as well have a dual
description in the framework of supergravities within the AdS/CFT correspondence and
though the proper backgrounds are not found few steps in this direction have been made

(see for example [P3, BJ)).
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